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.2012.11.0Abstract This paper presents the effect of material-temperature dependent on the vibrational char-
acteristics of a functionally graded (FG) thick beam by using ﬁnite element method. The beam is
modeled by higher order shear deformation theory (HOBT), which is accommodated for a thick
beam. The material properties are proposed to be temperature-dependent and vary continuously
through the thickness direction according to a power-law distribution. The equation of motion is
derived by using Lagrange’s equations. The ﬁnite element method is exploited to discretize the
model and obtain a numerical solution of the equation of motion. The model is veriﬁed and com-
pared with previously published works. The effects of material distributions and slenderness ratios
on the fundamental frequencies and mode shapes are presented. Also, the effects of material-tem-
perature dependency on the fundamental frequencies are ﬁgure out. Results show that the former
mentioned effects play a very important role on the dynamic behavior of thick FG beams.
 2012 Ain Shams University. Production and hosting by Elsevier B.V.
All rights reserved.1. Introduction
A new class of composite materials, which is known as func-
tionally graded material (FGM), has been drawn considerable
attention. Functionally graded materials (FGMs) characterize
a class of materials where the microstructures are spatially
graded to achieve speciﬁc thermal and/or mechanical proper-
ties to suit the functionality of the structure. The gradient com-
positional variation of the constituents from one surface to theo.com
Shams University.
g by Elsevier
y. Production and hosting by Elsev
01other provides an elegant solution to the problem of high trans-
verse shear stresses that are induced when two dissimilar mate-
rials with large difference in material properties are bonded.
Gradually varying the material properties can prevent from
interface cracking, delamination and residual stresses and thus
maintain structural integrity to a desirable level. Typically, an
FGM is made of a ceramic and a metal for the purpose of ther-
mal protection against large temperature gradients. The cera-
mic material provides a high temperature resistance due to its
low thermal conductivity, while the ductile metal constituent
prevents fracture due to its greater toughness.
FGMs have wide range of applications such as, thermal
barrier coatings for turbine blades, armor protection for mili-
tary applications, fusion energy devices, space/aerospace
industries, and automotive applications. Since FG beams are
used in aerospace, automotive industries and machineier B.V. All rights reserved.
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In addition, the applications of FG beams have broadly been
spread in nano-electromechanical systems (NEMSs), thin ﬁlms
in the form of shape memory alloys, and atomic force micro-
scopes (AFMs) to achieve high sensitivity and desired perfor-
mance, Kumar et al. [1].
Sankar [2] presented an elasticity solution for simply sup-
ported FG beams subjected to sinusoidal transverse loading.
It is found that, when the softer side is loaded; the stress con-
centrations are less than that in a homogeneous beam. Chakr-
aborty et al. [3] developed a new beam element to study the
thermo-elastic behavior of FG beam structures. The element
is based on the ﬁrst-order shear deformation (FOSD) theory
and it accounts for varying elastic and thermal properties
along its thickness. Goupee and Senthil [4], proposed a genetic
algorithm methodology to optimize the natural frequencies of
FG structures by tailoring their material distribution. Aydog-
du and Taskin [5] investigated analytically free vibration of
simply supported FG beam. The results show that classical
beam theory (EBT) gives higher frequencies and the difference
between EBT and higher order theories is increasing with
increasing mode number.
Ying et al. [6] presented two-dimensional elasticity solu-
tions for bending and free vibration of FG beams resting on
Winkler–Pasternak elastic foundations. Trigonometric series
are adopted for the simply supported beams to translate the
partial differential state equation into an ordinary one. Sina
et al. [7] developed a new beam theory to analyze free vibration
of FG beams. The results show that a little difference between
the traditional FOSD theory and the proposed theory. Simsek
and Kocaturk [8] investigated free and forced vibration char-
acteristics of a FG beam under a moving harmonic load. Sims-
ek [9] presented the dynamic characteristics of FG beam under
a moving mass within the framework of EBT, FOSD and
HOBT beam theories.
Ke et al. [10] investigated the nonlinear free vibration of FG
nanocomposite beams based on FOSD theory and von Kar-
man geometric nonlinearity. The material properties of func-
tionally graded carbon nanotube-reinforced composites are
assumed to be graded in the thickness direction and estimated
though the rule of mixture. Ke et al. [11] investigated the post-
buckling response of beams made of FG materials containing
an open edge crack based on FOSD beam theory. The ﬁrst at-
tempt to investigate the dynamic stability of FGMmicrobeams
based on the modiﬁed couple stress theory and FOSD beam
theory is proposed by Ke and Wang [12].
Khalili et al. [13] presented a mixed method to study the dy-
namic behavior of FG beams subjected to moving loads. The
theoretical formulations are based on EBT beam. Simsek
[14] studied non-linear dynamic analysis of FG beams due to
a moving harmonic load performed by using FOSD beam the-
ory with the Von-Karman’s non-linear strain–displacement
relationships. Alshorbagy et al. [15] presented the dynamic
characteristics of FG beam with material graduation in axially
or transversally through the thickness based on the power law.
The presented model is more effective for replacing the non-
uniform geometrical beam with axially or transversally uni-
form geometrical graded beam.
Eltaher et al. [16,17] presented static, buckling and free
vibration analysis of functionally graded (FG) size-dependent
nanobeams using ﬁnite element method. The size-dependent
FG nanobeam is investigated on the basis of the nonlocalEringen continuum model. The material properties of FG
nanobeams are assumed to vary through the thickness accord-
ing to a power law. Mahmoud et al. [18] studied the coupled
effects of surface properties and nonlocal elasticity on the static
deﬂection of nanobeams. Surface elasticity is employed to
describe the behavior of the surface layer and the Euler–Bernoulli
beam hypothesis is used to state the bulk deformation kinematics.
Information about the forces between atoms, and the internal
length scale are proposed by the nonlocal Eringen model. Eltaher
et al. [19] presented an efﬁcient ﬁnite element model for vibration
analysis of nonlocal Euler–Bernoulli nanobeams by using Non-
local constitutive equation of Eringen.
It is noted that fewer studies are published on free vibration
analysis of FGM beams in thermal environments, Fraid et al.
[20] and Mahi et al. [21]. A one-dimensional calculation of
thermal residual stresses, arising from the fabrication of FG
material system is investigated by Ravichandran [22]. Lu
et al. [23] presented semi-analytical elasticity solutions for sta-
tic bending and thermal deformation of bi-directional FG
beams using a hybrid state space-based differential quadrature
method. Shariyat [24] studied buckling of hybrid FGM cylin-
drical shells with temperature-dependent material properties
under thermo-electro-mechanical loads.
Santos et al. [25] analyzed a thermo-elastic of FG cylindri-
cal shells subjected to transient thermal shock loading. Rao
[26] exploit global higher-order deformation theory for ther-
mal buckling of plates made of FG materials. Critical temper-
atures of simply supported FG plates are obtained for
uniformly and linearly distributed temperatures through the
thickness of plates. Farid et al. [20] presented three-dimen-
sional temperature dependent free vibration of FG material
curved panels using a hybrid semi-analytic, differential quad-
rature method. Mahi et al. [21] studied analytically the vibra-
tion of FG beams for temperature-material dependent.
The author noted that a very limited literature for dynamic
analysis of a functionally graded temperature-dependent thick
beam, which gives us a potential to investigate that behavior.
In the present study, free-vibration analysis of FG beams tem-
perature-dependent material properties is investigated by ﬁnite
element method. The formulation is based on higher order
shear deformation. It is assumed that material properties of
the beam vary continuously in the thickness direction according
to the power law form. Lagrangian’s principle is used to derive
the governing equations of motion. The effects of power-expo-
nent index and beam slenderness ratio on both frequencies and
mode-shapes are investigated. Finally, the effects of the temper-
ature on the fundamental frequencies are illustrated.
2. Mathematical formulation
2.1. Temperature-dependent material properties
As FGMs are most commonly used in high temperature envi-
ronments in which signiﬁcant changes in material properties
are to be expected, the material properties of an FGM are both
position and temperature dependent. Thus it is essential to
account this temperature-dependence for reliable and accurate
prediction of the structural response. Without loss of general-
ity, the material properties are expressed as the non-linear
functions of environment temperature T (K) as [20]:
PðTÞ ¼ P0 P1T1 þ 1þ P1Tþ P2T2 þ P3T3
  ð1Þ
Table 1 Material properties of the constituent materials of the considered FGM beam.
Material Property
Zirconia E (Pa) 244.26596e9 0 1.3707e3 1.21393e6 3.681378e10
t 0.2882 0 1.13345e4 0 0
q (kg/m3) 5700 0 0 0 0
SUS304 E (Pa) 201.04e9 0 3.079e4 6.534e7 0
t 0.3262 0 2.002e4 3.797e7 0
q (kg/m3) 8166 0 0 0 0
Figure 1 The variation of material properties with respect to temperature.
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P0, P1, P1, P2, and P3 are temperature dependent coefﬁcients
that are unique to the constituent materials.
The ingredients of FG beam presented in this paper are Zir-
conia (ZrO2) and Stainless steel (SUS304). The temperature
coefﬁcients appearing in Eq. (1) are given in Table 1 according
to Shariyat [24], and the effect of temperature on the material
properties are presented in Fig. 1.
2.2. Material gradation
In this study, it is assumed that the beam is made of ceramics
and metal, and the effective material properties of FG beam
such as, Young’s modulus (E), Poisson’s ratio (t), shear mod-
ulus (G) and mass density (q) vary continuously according to
power-law through the thickness direction as shown in
Fig. 2, in addition to their variation for temperature. Accord-
ing to power law distribution, the material properties at a spec-
iﬁed thickness can be expressed as Alshorbagy et al. [15]:
PðzÞ ¼ ðPU  PLÞ z
h
þ 1
2
 k
þ PL ð2ÞFigure 2 Gradation of material properties through the thickness
direction of the beam.where PU an PL are the corresponding material properties of
the upper and the lower surfaces of the beam, and k is the
non-negative power-law exponent which dictates the material
variation proﬁle through the thickness of the beam.
2.3. The conditions of geometric ﬁt
There are several beams theories described a behavior of beam
type structures such as EBT, FOSD, and HOBT. Although
EBT is very simple and useful for thin beams, it does not give
accurate solutions for thick beams. In FOSD, the distribution
of the transverse shear stress with respect to the thickness coor-
dinate is assumed constant. Thus, a shear correction factor is
assumed to overcome this deﬁciency. The HOBT considers
the warping of the cross-sections and satisﬁes the zero trans-
verse shear stress condition of the upper and lower ﬁbers with-
out a shear correction factor. So, it is accommodated in this
study.
Based on the HOBT, the axial displacement, ux, and the
transverse displacement of any generic point of the beam, uz,
are given as Simsek [9]:
uxðx; z; tÞ ¼ u0ðx; tÞ þ z/ðx; tÞ  az3ð/ðx; tÞ þ w0;xðx; tÞÞ ð3Þ
uzðx; z; tÞ ¼ w0ðx; tÞ ð4Þ
where u0 and w0 are the axial and the transverse displacement
of any point on the neutral axis, / is the rotation of the cross-
sections, a = 4/(3h2), t denotes time and ( )x indicates the deriv-
ative with respect to x. Eqs. (3) and (4) can be rewritten in a
matrix form as:
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uz
( )
¼
1 0 az3 ðz az3Þ
0 1 0 0
" # u0
w0
w0;x
/
8>>><
>>>:
9>>>=
>>>;
¼ ½ZcfUg ð5Þ
The strain–displacement relations can be described by the
following:
exx ¼ ux;x ¼ u0;x þ z/;x  az3ð/;x þ w0;xxÞ ð6Þ
cxz ¼ ux;z þ uz;x ¼ ð1 3az2Þð/ þ w0;xÞ ð7Þ
where exx and cxz are the normal and the shear strain, respec-
tively. In a matrix form, Eqs. (6) and (7) can be written as:
feg¼ exx
cxz
 
¼ 1 ðzaz
3Þ az3 0
0 0 0 ð13az2Þ
 	 u0;x
/;x
w0;xx
/þw0;x
8>><
>>:
9>>=
>>;
¼½Zfeg
ð8Þ2.4. The material law
Considering the materials of FG beams obey the generalized
Hooke’s law, the strain-stress constitutive equation can be
written as:
frg ¼ ½Dfeg ¼ ½D½Zfeg ð9Þ
where
frgT ¼ frxx sxzgT ð10aÞ
fegT ¼ fexx cxzgT ð10bÞ
½D ¼ Eðz;TÞ 0
0 Gðz;TÞ
 	
ð10cÞ
where rxx and sxz are the normal and shear stresses,
respectively.
2.5. The governing differential equations
Assume that the displacement ﬁeld of element (e) as:
UðeÞðx; tÞ ¼
u0ðxÞ
w0ðxÞ
w0;xðxÞ
/ðxÞ
8>><
>>:
9>>=
>>;
¼ ½NðxÞQðeÞðtÞ ð11Þ
where U is the displacement vector, [N(x)] is the matrix of
shape functions and Q(e) is the vector nodal displacements that
is assumed to be a function of time t. Through analysis, the
Lagrangian interpolation functions are assumed for u0 (x)
and /(x), and Hermitian functions are proposed for w0 (x)
and w0,x(x). From Eq. (11), the strain vector can be expressed
as:
e ¼ ½BfUg ð12Þ
where B is the derivative of shape function with respect to x.
By differentiating Eq. (11) with respect to time, the velocity
ﬁled can be obtained as:
_UðeÞðx; tÞ ¼ ½NðxÞ _QðeÞðtÞ ð13Þwhere _QðeÞ is the vector of nodal velocities. In order to obtain
the equations of motion, Lagrange equations are given by Rao
[26]:
d
dt
@L
@ _Q
 
 @L
@Q
 
þ @R
@ _Q
 
¼ f0g ð14:aÞ
L ¼ T pp ð14:bÞ
where L is called the Lagrangian function, T is the kinetic en-
ergy, pp is the potential energy, R is the dissipation function
(neglecting through analysis), Q is the nodal displacement,
and _Q is the nodal velocity. The kinetic and potential energies
of an element ‘‘e’’ can be expressed as:
TðeÞ ¼ 1
2
Z
V
_uTqðz;TÞ _u dV
¼ 1
2
Z Z Z
V
f _UgT½ZcTqðz;TÞ½Zcf _Ugdx dy dz
¼ 1
2
b
Z l
0
f _UgT½Zf _Ugdx ð15:aÞ
and
pðeÞp ¼ UðeÞ WðeÞ ð15:bÞ
where U(e) is the strain energy, and W(e) is the work done by
external forces. In the free vibration analysis, the work done
not considered, hence the potential energy is equal to strain
energy,
pðeÞp ¼ UðeÞ ¼
1
2
Z
V
eTr dV ¼ 1
2
Z Z Z
V
eTr dx dy dz
¼ 1
2
b
Z lðeÞ
0
fegT
Z h
2
h2
½ZT½D½Zdz
 !
fegdx
¼ 1
2
b
Z lðeÞ
0
fegT½Dfegdx ð16Þ
where b is the beam width and ½D ¼ R h=2h=2½ZT½D½Zdz
 . By
using Eqs. (11)–(13), the expressions for T and pp can be writ-
ten as:
T¼
XE
e¼1
TðeÞ ¼ 1
2
_QT b
XE
e¼1
Z lðeÞ
0
½NT½Z½Ndx
" #
_Q ð17:aÞ
pp ¼
XE
e¼1
pðeÞp ¼
XE
e¼1
UðeÞ ¼ 1
2
QT b
XE
e¼1
Z lðeÞ
0
½BT½D½Bdx
" #
Q ð17:bÞ
where Q is the global nodal displacement vector, and _Q is the
global nodal velocity. By deﬁning the matrices involving the
integrals as:
½MðeÞ ¼ element mass matrix ¼ b
Z lðeÞ
0
½NT½Z½Ndx ð18:aÞ
½KðeÞ ¼ element stiffness mastix ¼ b
Z lðeÞ
0
½BT½D½Bdx ð18:bÞ
By assembling the element matrices and vectors and drive
the overall system equations of motion, Eq. (17) can be written
as:
T ¼ 1
2
_QT½M _Q ð19:aÞ
pp ¼ 1
2
QT½KQ ð19:bÞ
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structural, respectively. By substituting Eq. (19) into Eq.
(14), the desired dynamic equations of motion of structure
for free vibration can be represented as:
½M €QðtÞ þ ½KQðtÞ ¼ 0 ð20Þ
For free vibration analysis, the time-dependent generalized
coordinates can be expressed as follows:
QðtÞ ¼ qeixt ð21Þ
where x is the natural frequency of the beam. In general, the
free vibration frequencies are given in dimensionless form in
the most studies. In this study, the non-dimensional frequen-
cies (eigenvalues) have the form:
k2 ¼ xL2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
qLA
ELI
r
ð22Þ
where I= bh3/12 is the moment of inertia of the cross section
of the beam. By substituting Eq. (21) into Eq. (20) and consid-
ering Eq. (22), this situation results in a set of linear homoge-
nous equations that can be expressed in the following matrix
form:
ð½K  k2½MÞq ¼ f0g ð23Þ
The non-dimensional frequencies (eigenvalues)k are found
from the condition that the determinant of the system of equa-
tions given by Eq. (23) must vanish.
3. Numerical results
This section is divided to three subsections. The ﬁrst one is de-
voted to verify the proposed model with recent published
works. The second subsection is exploited to study the effects
of material variation through the thickness and slenderness
ratio on the fundamental frequencies and mode shapes where
the material properties are independent of temperature. The
effects of temperature-dependent material properties on
dynamic characteristics are studied in the last subsection.Table 2 Comparison study for the non-dimensional fundamental f
E (ratio) k Analysis (L/h) = 100
k1 k2
0.5 0 Ref. [8] 2.6416 5.283
Present 2.6416 5.282
Error% 0.00000 0.000
0.2 Ref. [8] 2.7587 5.517
Present 2.7588 5.516
Error% 0.00004 0.000
3 Ref. [8] 2.9763 5.952
Present 2.9762 5.951
Error% 0.00003 0.000
2.0 0 Ref. [8] 3.7359 7.471
Present 3.7357 7.469
Error% 0.00005 0.000
0.2 Ref. [8] 3.6320 7.263
Present 3.6316 7.261
Error% 0.00011 0.000
3 Ref. [8] 3.3519 6.703
Present 3.3517 6.701
Error% 0.00006 0.0003.1. Model veriﬁcations
Comparison between present model and published work are
illustrated in Table 2. The material properties and beam geom-
etry for this section taken according to Simsek and Kocaturk
[8]. The present results are very close to those results of Ref.
[8] for a very thin beam [(L/H) = 100] and there are some dis-
crepancies in small slenderness ratio [(L/H) = 20]. The diver-
gence between two results is increased for higher frequencies.
This discrepancy due to the different beam theories proposed
in each other. The HOBT is preferable for thick beam or small
slenderness ratios, so the presented results are more accurate.
3.2. Temperature-independent material properties
In this subsection, the material properties such as the density,
Young’s modulus, Poisson’s ratio and shear modulus are taken
at 300 K. the FG beam is composed of SUS304 and Zirconia
and its properties change through the thickness of the beam
according to power-law form. The bottom surface of the beam
is pure SUS304, whereas the top surface is pure Zirconia.
3.2.1. Effects of material distribution
The variation of the dimensionless frequencies parameters with
different power-law exponents (k) are presented in Table 3 for
the simply supported beam with the following parameters:
b= 1 m, h= 1 m, L= 20 m. It is noted from Table 3, as
the k increases the dimensionless frequencies parameters de-
crease. The reduction in frequencies parameters is higher for
small k than the variation occurs for higher value of k. In case
of k= 0 the main ingredient is a Zirconia, as the k increase the
amount of SUS304 is increased and Zirconia decreased, until
the value of k= 2 approximately, the main ingredient is
SUS304. Approximately, no change in the frequency parame-
ter for k> 2, so that, the suitable design values for the param-
eter kmay be with the range (0 < k< 2). The power-exponent
value has a more effects on the higher frequencies than the
lower one, especially for the range (0 < k< 2). Qualitativerequency of the simply supported FG beam.
(L/h) = 20
k3 k1 k2 k3
0 7.9237 2.6403 5.2726 7.8890
7.92 2.6362 5.24 7.7831
19 0.00047 0.00155 0.00618 0.01342
1 8.2747 2.7573 5.5058 8.2354
4 8.2715 2.7531 5.4711 8.1226
13 0.00039 0.00152 0.00630 0.01370
3 8.9275 2.9747 5.9398 8.8834
3 8.9239 2.9706 5.9068 8.7769
17 0.00040 0.00138 0.00556 0.01199
3 11.2059 3.7340 7.4567 11.1567
8 11.201 3.7282 7.4105 11.007
20 0.00044 0.00155 0.00620 0.01342
5 10.8942 3.6301 7.2490 10.8449
6 10.888 3.6244 7.2051 10.703
26 0.00057 0.00157 0.00606 0.01308
3 10.0538 3.3500 6.6882 9.99690
8 10.049 3.3443 6.6436 9.8545
22 0.00048 0.00170 0.00667 0.01424
Table 3 Effects of the material distribution on the dimensionless frequencies parameters.
k 0.0 0.2 0.5 1.0 2.0 5.0 10.0
k1 3.2527 3.2337 3.2097 3.182 3.1533 3.1304 3.1266
k2 6.4655 6.4273 6.3796 6.3251 6.2687 6.2237 6.2159
k3 9.6034 9.5456 9.4748 9.3949 9.3129 9.2472 9.2352
k4 10.824 10.74 10.665 10.598 10.537 10.482 10.459
k5 12.64 12.563 12.47 12.368 12.262 12.177 12.16
Figure 3 The variation of the ﬁrst three dimensionless frequency
parameters for k.
460 A.E. Alshorbagybehavior of Table 3 is illustrated in Fig. 3. Conclusions drawn
from Table 3 can be easily noted from this ﬁgure.Table 5 The 2nd non-dimensional frequencies (k2) for different sle
L/H k= 0.0 k= 0.2 k= 0.5
5 5.4119 5.3695 5.3311
10 6.3198 6.2809 6.2344
20 6.4655 6.4273 6.3796
50 6.5105 6.4725 6.4244
100 6.5172 6.4793 6.4311
Table 6 The 3rd non-dimensional frequencies (k3) for different slen
L/H k= 0.0 k= 0.2 k= 0.5
5 5.8868 5.8474 5.8056
10 7.6536 7.5942 7.541
20 9.6034 9.5456 9.4748
50 9.7497 9.6927 9.6207
100 9.7722 9.7153 9.6431
Table 4 The 1st non-dimensional frequencies (k1) for different slen
L/H k= 0.0 k= 0.2 k = 0.5
5 3.1599 3.1404 3.1172
10 3.2327 3.2136 3.1898
20 3.2527 3.2337 3.2097
50 3.2585 3.2395 3.2154
100 3.2593 3.2404 3.21633.2.2. Effects of slenderness ratio (L/H)
This subsection is dedicated to ﬁgure out the effects of the slen-
derness ratio on both the fundamental frequencies and mode
shapes of the FG beam. Tables 4–8 represent the ﬁrst ﬁve
dimensionless frequencies parameters for the different slender-
ness ratios for simply-supported FG beam. Fig. 4 can be
regarded as the visual presentation of Table 4. It is seen from
Fig. 4 that as the slenderness ratio increases, the dimensionless
frequencies increase for a constant k. Slenderness ratio is more
effective on the frequencies for small value (L/H< 50) and
approximately no effects on the frequencies parameters for
(50 < L/H< 100). Also, it is noted that as the k increases,
dimensionless frequencies decrease for a constant slenderness
ratio, whereas the reduction in frequency is very small when
the material varied from k= 5 to k= 10. The variation of
dimensionless frequencies for different L/H at k= 0.5 is pre-
sented in Fig. 5, which illustrates the linear variation of fre-
quencies for higher L/H (50 and 100) but the variation is
nonlinear for the other cases. It is also noted for L/H= 5,
k2 and k3 isvery closed and the difference between them in-
creased as the L/H increased.nderness ratios and material distributions.
k= 1.0 k= 2.0 k= 5.0 k= 10.0
5.2968 5.2666 5.2402 5.2291
6.1828 6.1303 6.0879 6.0795
6.3251 6.2687 6.2237 6.2159
6.369 6.3113 6.2655 6.2579
6.3755 6.3177 6.2717 6.2642
derness ratios and material distributions.
k= 1.0 k= 2.0 k= 5.0 k= 10.0
5.7621 5.7191 5.6823 5.6718
7.4932 7.4503 7.4118 7.3955
9.3949 9.3129 9.2472 9.2352
9.5379 9.4519 9.3833 9.372
9.5598 9.4732 9.4043 9.393
derness ratios and material distributions.
k= 1.0 k= 2.0 k= 5.0 k= 10.0
3.0915 3.0652 3.044 3.0397
3.1625 3.1343 3.1118 3.1079
3.182 3.1533 3.1304 3.1266
3.1876 3.1587 3.1357 3.132
3.1885 3.1595 3.1365 3.1328
Table 7 The 4th non-dimensional frequencies (k4) for different slenderness ratios and material distributions.
L/H k= 0.0 k= 0.2 k= 0.5 k= 1.0 k= 2.0 k= 5.0 k= 10.0
5 8.1429 8.0841 8.0262 7.9702 7.9176 7.8715 7.855
10 9.1742 9.1153 9.0489 8.9776 8.906 8.8466 8.8323
20 10.824 10.74 10.665 10.598 10.537 10.482 10.459
50 12.97 12.894 12.798 12.688 12.575 12.484 12.468
100 13.023 12.947 12.851 12.74 12.625 12.533 12.518
Table 8 The 5th non-dimensional frequencies (k5) for different slenderness ratios and material distributions.
L/H k= 0.0 k= 0.2 k= 0.5 k= 1.0 k= 2.0 k= 5.0 k= 10.0
5 9.3741 9.3008 9.2345 9.1754 9.1232 9.0771 9.0576
10 11.774 11.695 11.61 11.522 11.436 11.364 11.343
20 12.64 12.563 12.47 12.368 12.262 12.177 12.16
50 16.166 16.07 15.951 15.814 15.673 15.561 15.542
100 16.268 16.173 16.053 15.915 15.771 15.656 15.638
Figure 4 The variation of the ﬁrst dimensionless frequency
parameter (k1) for different slenderness ratios and material
distributions.
Figure 5 The variation of the dimensionless frequencies for
different slenderness ratiosat k= 0.5.
Figure 6 The ﬁrst ﬁve mode shapes for L/H= 5.
Figure 7 The ﬁrst ﬁve mode shapes for L/H= 10.
Temperature effects on the vibration characteristics of a functionally graded thick beam 461The material graduation of beam is changed through thick-
ness only and constant through spatial direction. So, the grad-
uation index k will be has not effect on the mode shape. The
ﬁrst ﬁve mode shapes for different slenderness ratio are pre-sented in Figs. 6–10 for any value of material distribution.
The ﬁrst mode shape is identical for all cases, whereas the
other mode shapes are differ for different L/H. In case of
Figure 8 The ﬁrst ﬁve mode shapes for L/H= 20.
Figure 10 The ﬁrst ﬁve mode shapes for L/H= 100.
Table 9 The 1st non-dimensional frequencies (k1) for different tem
Temp. k= 0.0 k= 0.2 k= 0.5
T= 300 K 3.2527 3.2337 3.2097
T= 450 K 3.1372 3.141 3.1328
T= 600 K 3.0544 3.0675 3.0656
T= 750 K 3.0023 3.0102 3.0051
T= 900 K 2.9745 2.9631 2.9452
Figure 9 The ﬁrst ﬁve mode shapes for L/H= 50.
462 A.E. AlshorbagyL/H= 5, the second and ﬁfth unsymmetrical mode shapes are
presented which may play a new modes of vibrations that not
found in thin beam. These new modes produced due to the dif-
ference between two consecutive frequencies (k2 and k3) and
(k4 and k5) are small. In case of L/H= 10, the third mode
shape is only unsymmetrical one and the forth mode shape is
the unsymmetrical mode in case of L/H= 20. Symmetrical
mode shapes are found in case of thin beams (higher slender-
ness ratio 50 and 100) which are identical for the conventional
mode shapes of beam. From Fig. 5, it can be concluded that, if
the variation of dimensionless frequency parameters are linear,
the symmetric mode shapes are the dominant. Also, if two con-
secutive frequencies closed to each other, unsymmetrical mode
shape will be generated which may increase the amplitude of
vibration. So, for a thick beam (L/H< 20), the nonlinear
assumption of strain–displacement should be considered.
3.3. Temperature-dependent material properties
However the ﬁrst consideration and application of FGM as
thermal barriers, so it is more interested to consider the effect
of the temperature on the dynamic characteristics of FG
beams. The effects of temperature on the non-dimensional fre-
quency parameters of beam are tabulated in Tables 9–13 for
the beam with L/H= 20. Fig. 11 which can be regarded as
the visual representation of Table 9, shows the as the temper-
ature increases, the non-dimensional frequency parameter
decreases for the constant material distribution. Also, if the
material distribution (k) increased, the frequencies will
decrease for the constant temperature. The temperature affects
signiﬁcantly for the higher frequencies than the smaller one, as
illustrated in Fig. 12.
4. Conclusions
In this paper, numerical ﬁnite element method was exploited to
study the vibration characteristics of FG beam. The theoretical
formulation of the beam is based on the higher-order shear
deformation theory, and the material properties were assumed
to be temperature-dependent and varied continuously thor-
ough the thickness according to power-law form. The equation
of motion is derived based on the Lagrangian formulation.
The effects of material distribution, slenderness ratios, mate-
rial temperature-dependent on the fundamental frequencies
and mode shapes are discussed. Numerical results show that:
(1) As the material graduation parameter (k) is increased,
the dimensionless frequencies parameters are decreased.
In additional, k has a more effects on the higher frequen-
cies than the lower ones.peratures and material distributions.
k= 1.0 k= 2.0 k= 5.0 k= 10.0
3.182 3.1533 3.1304 3.1266
3.1167 3.0977 3.0865 3.0908
3.0542 3.0394 3.0332 3.0406
2.9916 2.9751 2.9666 2.9722
2.9228 2.8988 2.8808 2.8795
Table 10 The 2nd non-dimensional frequencies (k2) for different temperatures and material distributions.
Temp. k= 0.0 k= 0.2 k= 0.5 k= 1.0 k= 2.0 k= 5.0 k= 10.0
T= 300 K 6.4655 6.4273 6.3796 6.3251 6.2687 6.2237 6.2159
T= 450 K 6.2358 6.2427 6.2265 6.1951 6.1584 6.1369 6.1451
T= 600 K 6.0711 6.0965 6.0928 6.0709 6.0425 6.0308 6.0453
T= 750 K 5.9675 5.9825 5.9725 5.9464 5.9146 5.8982 5.909
T= 900 K 5.9122 5.8889 5.8534 5.8094 5.7626 5.7272 5.7244
Table 11 The 3rd non-dimensional frequencies (k3) for different temperatures and material distributions.
Temp. k= 0.0 k= 0.2 k= 0.5 k= 1.0 k= 2.0 k= 5.0 k= 10.0
T= 300 K 9.6034 9.5456 9.4748 9.3949 9.3129 9.2472 9.2352
T= 450 K 9.262 9.2706 9.2464 9.2013 9.1492 9.119 9.1305
T= 600 K 9.0172 9.0529 9.0473 9.0163 8.9769 8.9615 8.9822
T= 750 K 8.863 8.8836 8.8686 8.8313 8.7866 8.764 8.7794
T= 900 K 8.7806 8.7448 8.6921 8.6278 8.5602 8.509 8.5042
Table 12 The 4th non-dimensional frequencies (k4) for different temperatures and material distributions.
Temp. k= 0.0 k= 0.2 k= 0.5 k= 1.0 k= 2.0 k= 5.0 k= 10.0
T= 300 K 10.824 10.74 10.665 10.598 10.537 10.482 10.459
T= 450 K 10.439 10.422 10.406 10.393 10.381 10.371 10.367
T= 600 K 10.164 10.175 10.183 10.191 10.198 10.206 10.21
T= 750 K 9.9908 9.9865 9.9823 9.9787 9.9761 9.9746 9.9742
T= 900 K 9.8984 9.8385 9.7851 9.7373 9.6945 9.6563 9.6401
Table 13 The 5th non-dimensional frequencies (k5) for different temperatures and material distributions.
Temp. k= 0.0 k= 0.2 k= 0.5 k= 1.0 k= 2.0 k= 5.0 k= 10.0
T= 300 K 12.64 12.563 12.47 12.368 12.262 12.177 12.16
T= 450 K 12.19 12.2 12.17 12.115 12.05 12.01 12.023
T= 600 K 11.868 11.913 11.909 11.872 11.824 11.804 11.828
T= 750 K 11.664 11.69 11.673 11.627 11.572 11.543 11.56
T= 900 K 11.556 11.507 11.439 11.357 11.271 11.204 11.196
Figure 11 The variation of the ﬁrst dimensionless frequency
parameter (k1) for different temperatures and material
distributions.
Figure 12 The variation of the dimensionless frequencies for
different temperatures at k= 0.5.
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464 A.E. Alshorbagy(2) No change in the frequency parameters for k> 2. So
that, the suitable design values for the parameter k
may be within the range of (0 < k< 2).
(3) New frequencies and mode shapes are presented for the
thick beams.
(4) As the temperature is increased, the non-dimensional
frequency parameters aredecreased.
(5) The temperature has a signiﬁcant effect on the higher
frequencies than that for the lower.
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